
Day 2

• First numerical calculation: computing π


• More python: numpy & matplotlib, functions


• Resolution, precision, accuracy


• Unix


• Parallel computing



• Open https://cocalc.com  
and sign in


• See slack chat for the "token": 
enter it in the "token" box  
and press enter 
 
1UHueBCvBLsYj8Hz


• Click "Day1.ipynb"


• Scroll to your name, and  
click in the box saying "# Insert code here" labeled  
below your name


• Enter this code: VBBNN1tpwckqE5mw

https://cocalc.com
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Pi Dartboard 3

•Challenge: Modify your program


•Print x2 + y2 instead of just  
x and y

import math
import random
x = random.random()
y = random.random()

print(x)
print(y)
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Pi Dartboard 3

•Challenge: Modify your program


•Compute x2 + y2 and store it in a 
variable rSquared


•Print rSquared instead of just  
x and y

import math
import random
x = random.random()
y = random.random()

print(x)
print(y)
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Pi Dartboard 3 Solution

•Challenge: Modify your program


•Compute x2 + y2 and store it in a 
variable rSquared


•Print rSquared instead of just  
x and y

import math
import random
x = random.random()
y = random.random()

rSquared = x**2 + y**2
print(rSquared)
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• Which could be a number the  
program prints?

Clicker question #2.5

A B
C D

A B
C D

A B
C D

-0.32

-1.51

2.43

A B
C D 1.01

import math
import random
x = random.random()
y = random.random()

rSquared = x**2 + y**2
print(rSquared)
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• If the dart is inside the circle,  
which could be the  
number printed by the  
program?

Clicker question #2.5

A B
C D

A B
C D

A B
C D0.99

1.43

A B
C D

1.01

import math
import random
x = random.random()
y = random.random()

rSquared = x**2 + y**2
print(rSquared)

More than one of ABC
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Pi Dartboard 4

•Challenge: Modify your program


•Just below import random, make 
a new variable called “hits”, set 
to 0


• If rSquared < 1, add 1 to hits


•Print hits instead of rSquared

import math
import random
x = random.random()
y = random.random()

rSquared = x**2 + y**2
print(rSquared)
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Pi Dartboard 4 Solution

•Challenge: Modify your program


•Just below import random, make 
a new variable called “hits”, set 
to 0


• If rSquared < 1, add 1 to hits


•Print hits instead of rSquared

import math
import random
hits = 0
x = random.random()
y = random.random()

rSquared = x**2 + y**2
if rSquared < 1:
    hits = hits + 1
print(hits)
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Pi Dartboard 5
•Challenge: Modify your 

program


•Add a new variable, just 
below hits, called throws. 
Set it equal to 10.


•Put the code that throws 
the dart and sees if it hit 
inside a while loop, so that 
you throw 10 darts instead 
of 1 dart


•Don’t forget to increment 
your while loop counter 
variable (i or j or whatever)

import math
import random
hits = 0
x = random.random()
y = random.random()

rSquared = x**2 + y**2
if rSquared < 1:
    hits = hits + 1
print(hits)
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Pi Dartboard 5 Solution
•Challenge: Modify your 

program


•Add a new variable, just 
below hits, called 
throws. Set it equal to 
10.


•Put the code that 
throws the dart and 
sees if it hit inside a 
while loop, so that you 
throw 10 darts instead 
of 1 dart

import math
import random
hits = 0
throws = 10
i = 0
while i < throws:
    x = random.random()
    y = random.random()
    
    rSquared = x**2 + y**2
    if rSquared < 1:
        hits = hits + 1
    i = i + 1
print(hits)



A silly way to compute π

•Throw darts in square


• (circle area) ÷  
(square area)  
≈ hits ÷ throws = π/4


•So π ≈ 4 * (hits ÷ throws)
0 1

1

Courtesy wikipedia
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Pi Dartboard 6

•Finish the 
dartboard


•Compute pi as 
4.0 * float(hits) / 
float(throws)


•Print your pi 
estimate

import math
import random
hits = 0
throws = 10
i = 0
while i < throws:
    x = random.random()
    y = random.random()
    
    rSquared = x**2 + y**2
    if rSquared < 1:
        hits = hits + 1
    i = i + 1
print(hits)
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Pi Dartboard 6 Solution

•Finish the 
dartboard


•Compute pi as 
4.0 * float(hits) / 
float(throws)


•Print your pi 
estimate

import math
import random
hits = 0
throws = 10
i = 0
while i < throws:
    x = random.random()
    y = random.random()
    
    rSquared = x**2 + y**2
    if rSquared < 1:
        hits = hits + 1
    i = i + 1
pi = 4.0 * float(hits) / float(throws)
print(pi)
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Pi Dartboard 7

•See what happens 
as you make 
throws 10**n, 
n=1,2,3,4,5,6,7


•For n=7, how 
does speed 
compare if you do 


rSquared = x*x + 
y*y

import math
import random
hits = 0
throws = 10
i = 0
while i < throws:
    x = random.random()
    y = random.random()
    
    rSquared = x**2 + y**2
    if rSquared < 1:
        hits = hits + 1
    i = i + 1
pi = 4.0 * float(hits) / float(throws)
print(pi)



Plotting your results

•Scatter plots


•Lists and numpy arrays


•Pyplot plotting



Scatter plots
• Data: result or output given some 

input


• Example: dropped marker height 
vs. time


• Tools to make scatter plots


• Excel


• Python


• Lists of numbers


• Computations on lists of 
numbers: numpy arrays


• pyplot: makes scatter plots



Lists
• Values - ordered sets of 

objects, all the same type 
(like floats or ints)


•Operators - 
[ ], .append()   

• Easily add on elements 
in loops with .append()

x = [-2.0, -1.0, 0.0, 1.0, 2.0]
y = ["Hello", "world"]
z = [1, 4, 9, 16]

x[0] == -2.0
x[1] == -1.0
x[4] == 2.0
y[0] == "Hello"
y[-1] == "world"
z[-1] == 16
z[0] == 1

z.append(25) == [1, 4, 9, 16, 25]



Loop over lists
for i in [0,1,2,3]:
  print(i*i)
0
1
4
9

import numpy as np
myCountArray = np.arange(1,5)
myList = []
for i in myCountArray:
    myList.append(i*i)
print(myCountArray)
print(myList)
[1,2,3,4]
[1,4,9,16]import numpy as np

print(np.arange(1,5,1))
[1,2,3,4]



• What value does the program print?

Clicker question #2.6

A B
C D

A B
C D

A B
C D4.0

1.0

A B
C D

9.0

The entire list

x = [1.0, 4.0, 9.0]
print(x[1])



Numpy arrays

• Values - ordered sets of 
objects, all the same type (like 
floats or ints)


•Operators - [ ], +, -, *, /, 
np.sqrt(), np.sin(), np.cos(), 
…  

• Easily do math on whole 
lists at once (like formulas in 
Excel)

x = np.array([-2.0, -1.0, 0.0, 1.0, 2.0])
y = np.array(["Hello", "world"])
q = np.array([1, 2, 3, 4]) 
r = q * 2 
s = q + r 
z = q * q 

x[0] == -2.0
x[1] == -1.0
x[4] == 2.0
y[0] == "Hello"
y[-1] == "world"
z[-1] == 16
z[0] == 1

r == np.array([2, 4, 6, 8])

z == np.array([1, 4, 9, 16])
s == np.array([3, 6, 9, 12])



Making sample data

• Annoying to type [1,2,3,4,…] all 
the time


• Instead: np.arange(start, stop, 
step)


•What do all these numbers 
mean??


•Make a plot to visualize them

Try in cocalc!
import numpy as np
x = np.arange(-4.0, 4.0, 0.01)
y = np.sin(x)**3
print(x)
print(y)



Plotting sample data

•Make plots with pyplot

Try in cocalc!
import numpy as np
import matplotlib
from matplotlib import pyplot as plt
matplotlib.rc('axes', labelsize=18)
matplotlib.rc('xtick', labelsize = 18)
matplotlib.rc('ytick', labelsize = 18)

x = np.arange(-4.0, 4.0, 0.01)
y = np.sin(x)**3 

plt.clf() #clear figure
plt.plot(x,y, color='b')
plt.xlabel('x')
plt.ylabel('sin^3(x)')
plt.show()
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Functions

• Input(s) ("arguments")


• Returns output


• Functions can call other functions

def square(x):
  return x*x
square(4)
16

Try in cocalc!



Plotting π 1

• Activity: edit your code 

•Make everything but 
the last two lines inside 
a function that takes 
one input, n


• Instead of setting 
throws = 10, set 
throws=n


• Return the pi estimate

import math
import random
hits = 0
throws = 10
i = 0
while i < throws:
    x = random.random()
    y = random.random()
    
    rSquared = x*x + y*y
    if rSquared < 1:
        hits = hits + 1
    i = i + 1
pi = 4.0 * float(hits) / float(throws)
print(pi)



Solution 1

• Activity: edit your code 

•Make everything but 
the last two lines inside 
a function that takes 
one input, n


• Instead of setting 
throws = 10, set 
throws=n


• Return the pi estimate

import math
import random

def estimatePi(throws):
  hits = 0
  i = 0
  while i < throws:
      x = random.random()
      y = random.random()
    
      rSquared = x*x + y*y
      if rSquared < 1:
          hits = hits + 1
      i = i + 1

  pi = 4.0 * float(hits) / float(throws)
  return pi

print(estimatePi(1e4))



Plotting π 2

import math
import random

def estimatePi(throws):
  # (same definition of estimatePi function here)
  return pi

piEstimates = [estimatePi(x) for x in [10, 100, 1000, 10000]] 
print(piEstiamtes)



Plotting π 2

import math
import random

def estimatePi(throws):
  # (same definition of estimatePi function here)
  return pi

trials = [10**j for j in np.arange(0,6)] 
piEstimates = [estimatePi(x) for x in trials] 
print(trials, piEstimates)



Plotting π 2
import math
import random

def estimatePi(throws):
  # (same definition of estimatePi function here)
  return pi

trials = [10**j for j in np.arange(0,6)] 
piEstimates = [estimatePi(x) for x in trials] 
print(trials, piEstimates) 

plt.clf() 
plt.plot(x,y) 
plt.xlabel("x") 
plt.ylabel("y") 
plt.show()



Plotting π 2
import math
import random

def estimatePi(throws):
  # (same definition of estimatePi function here)
  return pi

trials = [10**j for j in np.arange(0,6)] 
piEstimates = [estimatePi(x) for x in trials] 
print(trials, piEstimates) 

plt.clf() 
plt.plot(trials,piEstimates) 
plt.xlabel("Darts thrown") 
plt.ylabel("pi Estimate") 
plt.xscale('log') 
plt.show()



Plotting π 2
import math
import random

def estimatePi(throws):
  # (same definition of estimatePi function here)
  return pi

trials = [10**j for j in np.arange(0,6)] 
piEstimates = [estimatePi(x) for x in trials] 
print(trials, piEstimates) 

plt.clf() 
plt.plot(trials,np.abs(np.array(piEstimates)-np.pi)) 
plt.xlabel("Darts thrown") 
plt.ylabel("pi Estimate") 
plt.xscale('log') 
plt.show()



Plotting π 2
import math
import random

def estimatePi(throws):
  # (same definition of estimatePi function here)
  return pi

trials = [10**j for j in np.arange(0,6)] 
piEstimates = [estimatePi(x) for x in trials] 
print(trials, piEstimates) 

plt.clf() 
plt.plot(trials,np.abs(np.array(piEstimates)-np.pi)) 
plt.xlabel("Darts thrown") 
plt.ylabel("pi Estimate") 
plt.xscale('log') 
plt.yscale('log') 
plt.show()



Accuracy of the π dart board

• As throws goes up, 
answer gets closer to pi


• But it’s hard to see how 
close it is later on


• So instead, plot the 
difference between the 
estimate and the real 
answer





Concepts in numerical 
programming

•Resolution


•Accuracy


•Precision



Image courtesy NASA

Large galaxies  
1 billion light years away

Small galaxies up to 
13 billion light years away

Resolution

Low resolution
Entire image: 227KB



Image courtesy NASA

Large galaxies  
1 billion light years away

Small galaxies up to 
13 billion light years away

Resolution

High resolution
Entire image: 110MB



Resolution
• Low resolution 

• Smaller data


• Faster computation


• Less precise


•High resolution 

•Bigger data


• Slower computation


•More precise



Precision & accuracy
•Precision 

•How much result 
changes when you 
add more resolution


• "How many digits"


•Accuracy


•How close result is to 
the correct result



Example: thermal noise

• Thermal noise of a 
mirror in LIGO 
depends on how much 
potential energy it gets 
when you push on the 
face

Low resolution High resolutionMedium resolution

Color = how much mirror deforms

Lovelace, Demos, Khan (2018)



Example: thermal noise
• Potential energy E in  

deformed mirror


• Precision of energy  
as resolution 
increases


• Label resolution by 
integer N

Lovelace, Demos, Khan (2018)

Higher resolution



Example: thermal noise

• Thermal noise of thin 
coating 


• Accuracy: compare 
code to known 
"analytic" solution

Lovelace, Demos, Khan (2018)

N
oi

se
Coating thickness Coating thickness



Geoffrey Lovelace —

Example of resolution
3-index constraint

44

2.5k elements
 points/element73

13k elements
 points/element73

𝒞iab = ∂igab − Φiab

Calculation & movie courtesy Alex Carpenter


